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Pr|E] = 1 — Pr[E]
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Pr[F | E] =21

Pr[E|F] Pr[F]+Pr[E|F]Pr[F]
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= Pr[E | F]Pr[F] + Pr[E | F] Pr[F]
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o Pr[D] = 1001000 = 0.00001, Pr[D] = 1 — Pr[D] = 0.99999
5 Pr[E | D] =0.99, Pr[E | D] = 0.01,
Pr(E | D] =0.005, Pr[E | D] = 0.995
_ Pr[E|D] Pr[D]
PI‘[D | E] ~ Pr[EID] Pr[D]+Pr[E|D]Pr[D]
. 0.99%0.00001
~0.99X0.00001+0.005X0.99999
~ (0.002
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Pr[E|D] Pr[D]
Pr[E|D] Pr[D]+Pr[E|D]Pr[D]
B 0.995X0.99999
~0.995%0.99999+0.01%0.00001

~ (0.9999999

Pr[D | E] =

Pr[D|E]=1—-Pr[D|E]=0.0000001
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X<4IxrEH: REFHEL4L
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X1,X2, .o, X, o
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B K F . AL EEXOBRELT
X(HHH) =3, X(TTT) =0,
X(HHT)=X(HTH) = X(THH) = 2,
X(TTH) = X(THT) = X(HTT) = 1.

p(X=3)=1/8,
p(X=2)=13/8,
p(X=1)=13/8,
p(X=0)=1/8.
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PX=0=(1-0.9)%x(1-0.9 =0.01
PX=1)=2x0.9%x(1-0.9) =0.18
P(X=2)=0.9x0.9=0.81

X 0 1 2
P 0.01 0.18 0.81
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X(w) —Ex[X] A X & w 4 81 = (deviation)
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1
EX[X]—g'1+g°2+g°3+g'4+g°5+g°6—?—

Bl: J=AET, RLXAHLETA RN HLHE.
Ex[X] = % [X(HHH) + X(HHT) + X(HTH) + X(HTT) +

X(THH) + X(THT) + X(TTH) + X(TTT)]
1 3
=-(B+2+2+2+1+41+1+0) =2
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=2]=Pr[X =12] ==
36
=3]=Pr[X = 11] = —
18
= 4] = Pr[X = 10] = =
12
= 5] =Pr{x =9] =:
= 6] =Pr[x =8] = —
36
—71=1
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1 ] 1 1 5
Ex|X|=2-—4+3- —4+4. —4+5. —-4+6- —+7.
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Ex|R] = 2 x - Pr[R = x]
xerange(R)

Proof. Suppose R is defined on a sample space §. Then,

Ex[R] := ) _ R(w) Pr{w]

wWES

= > Y R(w)Prlw]

xe€range(R) we[R=x]

Z Z x Pr[w] (def of the event [R = Xx])
xe€range(R) we[R=x]

= Z X ( Z Pr[a)]) (factoring x from the inner sum)

x€range(R) w€[R=x]

> x-Pr[R=x] (def of Pr[R = x])
x€range(R)
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Theorem 18.4.5 (Law of Total Expectation). Let R be a random variable on a
sample space S, and suppose that Ay, A», ..., is a partition of S. Then

Ex[R] = ZEX[R | A;] Pr[A;].

Proof.
Ex[R]= Y r-PrR=r] (by 18.3)
r €range(R)
= Z r- Z Pr :R =r| A,-: Pr[A;] (Law of Total Probability)
r i
= Z Z r-Pr[R =r| A;]Pr[A;] (distribute constant r)
r i

- Z Z r-Pr[R =r | A;]Pr[A;]  (exchange order of summation)
i

- ZPr[A,-] Z r-Pr[R=r| Ai] (factor constant Pr[A4;])
i r

= Z Pr[A;] ExX[R | A;]. (Def 18.4.4 of cond. expectation)
i



#]: Mean Time to Failure

A computer program crashes at the end of each hour of use with
probability p, if it has not crashed already. What is the expected time
until the program crashes?

Ex[C]: C is the number of hours until the first crash
A: the event that the system fails on the first step

A: the complementary event of A
Ex[C] = Ex[C|A]Pr[A] + Ex[C|A]Pr[A]
Ex[C|A] =1

Ex[C|A] = 1 + Ex[C]
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X;, (i=12,..,n) fFEEXHKab, K
Ex[X; + X, + .-+ X,,] = Ex[X;] + Ex[X,] + :-- + Ex[X,,]
Ex|aX + b] = aEx|X] + b
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% : Expected Value in the Hatcheck Problem

AREEEFHMSLEEETFRALT, RN
R&Eo A4 LRI E & UA?
AX=1EZiNEALIMHETF; BN =0,
X=X +X++X,

:Slr—\:|H

Ex|X] = Ex|X;{] + Ex[X,]+ -+ Ex|X,]=n-—=1
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ARG S J:%%?I?L’IEX Fo Y £ EPrX =r HY =
r,] = Pr[X = ry] - Pr[Y = 5], M| % mmaﬁzﬁzo
%@ﬁ?&%% %*Aﬁ%ﬁﬁﬁﬁ—A%%éﬁlﬁ%
fl: WHEIMT, H—ARTFERE AT AR L%
7 & M ar?

MHTRARES ERTWENEEX fY H
Ex[XY] = Ex[X]Ex[Y]
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FAZE S FEALR EX W ¥ Z (variance)
Var[X] ::= Ex[(X — Ex[X])?]

Var[X] = Ex[(X — Ex[X])?] = Z (X (w) — EX[X])?Pr[w]

WES

7 = B BXFE i Wy 2= BT JF By AP35

JVar[X] # A X W Ar % = (standard deviation)
LA oy (BH o (X))
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FE: FEARZRES LHEINE EXHN T =
Var[X] = Ex[X?] — Ex?[X]

Bl: —IMBRTFIERENT =
Var[X] = Ex[X?] — Ex?[X]

2
=2(12+22+3% + 42 + 52 + 62) — (2)
35

12



Bienaymeé’s formula

STHEARES RN E X Y A
Var|X + Y| = Var|X] + Var|Y]

HAR EnANAHRELBILNENR E
Var[X, + X, + - + X,,]
= Var|X,] + Var[X,]| + --- 4+ Var|[X,,]




Bienaymeé’s formula

Bl: RKPWHEANMRT REZL T F =
F—NMBTITREEF -NRTREF N MENREMN
B oL, 8 A Bienaymé/A R\

Var|X; + X,] = Var|[X;]| + Var|X,]

_35+35
12 12



%2 . F 3£ (Probabilistic Method)
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%] : Ramsey3{

Ramsey € 3 :
EEMAT, RAIMATHARRE TR,
O EWiEE: MHKe#AT2-%
6, WEEREWK;

7 RamseyZ R(k,k): /N ‘
n, FHRIK,NEE2-%
Eew, AFEERERNK,
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The union bound

l ° For events A, and A,
. Ramsey AL s kst
A, g

E FE (Erdés 1947)

w2 @) <1, WEERKER2HEE, BT
2R ENK,FHE.
0 Yk WE—4Lide EK%&:\‘LI@BL%%, BV DAY /289 B

Ef, 12 BEE LA,
% —K.TH,

(KR &) = 21

= P(FEREK,TH) < (2)21_(2) < 1 (Union bound)
= P(FHFEREK,TH) >0,
SATRENK, W EM2-ZEER, EFLREWK,FHE
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