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5
X+H(y+2)=(x+y)+2 GER
X (y-2)=(x-y) - Z
x+(y-z)=(x+y)-(x+2) A e
X+ (Y+2)=X-y +X- Z
X+0 = X T —f&
X-1=x
Xty = y+x A Bt
Xy = y-X
X+ Xx=1 rVE:s

XX =0
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6
X =X W EE # MR
X+X = X - e
XX =X
X+(X-y)=X R e 1
X+ (X+y)=x
x+1=1 peal LW
x-0=0
(X-y)=X+y 8 R AR e
(X+y) =X -y
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Any formula involving U or N that holds for arbitrary
subsets of a set S will continue to hold for arbitrary elements
of a Boolean algebra L if /\ is substituted for N and V for U .

(x)=x<(A)=A

(XAY)=xVvYy'< (ANB)=AUB and more!
(Xvy)=xX'Ay'< (AU B):KUE

x<yiff. xvy=y<= AcBiff. AuB=B

X<yiff. xAry=x< AcBIiff. AnB=A
XvO0=X,XA0=0= Aug=AAnp=¢
Xv1=1XAl=Xx<= AuUuS=S5 AnS=A
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B XEE. Rk FEE. XNEAME. EERE
o0 B TR VxeB, xvl=1, xA0=0

Xv1=IAX Vv 1)= (X VvX)AX VD)=XV (XA l=xVvXx=1

Ji ik A

[re

XAOD= 0Ov(XA 0) =(X A X) V(X AO)=X A (X v 0)= X A X=0
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XV (XAY)= (XAL) v (XAY)= X A (Lvy) = XAl =X

i WA

Iy
/Gn

X A (Xvy)= (xv0) A (Xvy)=X v (0AY) = xv0 = X

0 ERRERE
X AX=XA (XV0) =x (B B —£. Rikf)

(mgc) = (ws
XAX=XA(XV (xaX) ) = x (BB ke

T

T
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K= XV(XA2) =XV (YAD) = (X v Y)A (X v 2) BRI A B
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(XAY)IVIXVY)= (X VX VYIAYVXVY) =1
(XAY) AXVY)=(XAYAX )V (XAYAY) =0
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B, as Product of n B’s

B,, {0,1}, A, v, 1,0, ), 1s denoted as B.

For any n>1, B, =BxBx...xB, where BxBx...xB is
given the product partial order :

x<yifandonlyif x <y foreachk.



#

D, Is the poset of all positive divisors of n with the partial
order “divisibility”.

21

30
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D,y Is not a 0
2 ; Boolean algebra




i KRR HD,

Let n=p,p,...p,, Where the p; are distinct primes.
Then D,, Is a Boolean algebra.

Let S={p,, p,, ..- P}, and for any subset T of S, a Is the
product of the primesin T.

Note: any divisor of n must be some a,. And we have a{|n for
any T.

For any subsets V,T, VcT iff. a,|Ja, and ayAa;=GCD(a,, ar)
and a,va;=LCM(a,, a+).
f: P(S)—>D,, given by f(T)= a; Is an isomorphism from
P(S) to D,



A RR D,

If n is a positive integer and p?|n, where p is a prime
number, then D, Is not a Boolean algebra.

Proof

Since p?|n, n= p?q for some positive integer g. Note
that p is also an element of D,,, then if D,, is a Boolean

algebra, p must have a com
GCD(p, p’)=1 and LCM(p,
leads to p’=pg. So, GCD(p,

plement p’, which means
0’)=n. SO, pp’=n, which

0()=1, contradiction.
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LLogic Diagrams

Basic components:
or gate and gate Inverter

D L =D
y xVy y X/\y

N
y L—/
z’ \ R
24’[>O L yAz’ Df_(x,’y,z)




Karnaugh Map of f for n=2

X 0 0

2 2
X1 xX’Ay” | XAY

X| XAy’ XAY

]
£ BB : f(X,y)=(X" Ay )V (X’ AY)
Basic positions | x|y | f(xy)
ol o| 1
| ol 1] 1
00 | 01 | 10 0
| 1] 1
e IWWW
T e
y y |
|
|
|




Simplifying Using Karnaugh Map
S =

£ BB f(x,)=(x Ay VS AYIV(XAY)
Basic positions x|y | f(xy)
0] 0 1
0] 1 1
00 | 01 110] 1
1] 1 0
10 | 11 f(x,y) =x’vy’
y y e
X'| XAy’ | X'AY
X XAY’ XAY X




Karnaugh Map with n=3

N
00 01 11
0 000 001 011 010
1 100 101 111 110
y’ y
V' AZ’ Yy’ AZ YAZ _;i/\i’

—
— e — —




Simplifying 3-Variable Expression

]

X1y |z f(x,y,2)
0| ol o 1 yz. yz ¥z )z
0 0] 1 0 A [ 1
0| 1] o0 Lo o 1
O 1 1 1 ' ‘
1| 0| o (1) B |~ 1~ <4
1| 0| 1 0 x|/ 11 0 | 1 11
1 1 0 1 I —— = =]
1 1] 1 1 [ [

the expression: ‘

(CAY A )V (XAYAZ )V SO, Z,V(X/\y)

(XAY’AZ )V (XAYAZ )V (XAYAZ)



LLogic Circuit at Work

For each try in a contest of weight lifting, it is assumed
success only if at least 2 of 3 referees decide it a success.
Design a logic circuit for use in the situation.

The function: f(x,y,z)=1 iff. there
are at least 2 one’s in X,Y,Z

X
N

f(x,y.2)

the expression:
(X’ AYAZ)V (XAY’ AZ)V
(XAYAZ )V (XAYAZ)

PP PP OO0O0OO
PR oOoOORrRRFRoOoO <
P OFRPORFRORO
PR, PR ORPROOO




The Circuit

the expression:

(X’ AYAZ)V (XAY’AZ)V (XAYAZ )V (XAYAZ)

‘ : x )

'Too complecated!

QQ

D—’

f(x,y.2)

>0

[TLT

’;
>oz

L




Make 1t Simpler

X 1Yy |Z f(x,y,2)
0 0] 0 0
0 0 1 0
0 11 0 0
0 1 1 1
1 0 0 0
1 0 1 1
1| 1| 0 1
1 11 1 1

vz yz Yz vz’
0 0 1 0

=== —q

0 Ll_{jzli 1

the expression:
(YAZ)V (XAZ)V (XAY)




_ooks Better

the expression:
(YAZ)V (XAZ)V (XAY)

»
»
|-
>
n
>, f

.7
®
vV y vy Vvy

(X.y.2)






