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&% VaPAa)f &L, W 3a(-Pa)kk L.
2S={neZ" | =P}, SEFETE.
M#ERFAE, SHR/NTLE, LA m ol
(m-1) &S, Bl Am-1) B 3L.
REFNF R, Rm)EL, HmeS, T
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H=1+1/2+.. +1/k (K& EE %)
W : HO>1+n/2  (ny EE%K)
AP E: PAOXE, H,=1+1/2

Ho B xHEE EEHK PK) =>P(k+1).
Hok L = HoK +1/(2841)+...+1/2K+1

>(1+K/2)+2%(1/2k+1) =1+(1+K)/2

Et , st EEE%HN, P(n) &L
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—
o RN B R FAK, FIEAZ .
1=1
1+3=4
1+3+5=9
1+3+5+7=16

1+3+...+(2n-1)=n2 (n¥} F % %)
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S BRI — A B RA TR EZ L HEARZ T — K.
o EMIE: PQAE

o SR XHERIEBEL, P(k) -P(k+1).
B k2R T p,-

JG k%3 T p,.

P1=P2
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o VnP(n) /mBIWEHANIEBHES
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o HAPE: PAONE
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o M, MEERIIEEBHN, P(n) BOL.// Bl: Vn P(n)




BEFENE (—HBR)

RPN EZEEHNE WKL, afnbZH % €W
¥, Ha<bh.
PR 86 4% B T 7 BR3R
P(a), P(a +1), ..., P(b).
stHEEKk>Db, P(Q)A... AP(K)=>P(k+1)
W T % BR3 & 3L
STHEEN = a, P(n).
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B&EYNP(N)AF KL, W 3In (=P(n))AK L.
AS={neZ|(nza)a-P(n)}, SEF=ET XK.
mPERFAE, SAx/ANTLE, ILAM, M>a
a, ..., (m-1eS, BP(@), ..., P(M-1) & L.
MEFRF B, P(M L, BmeS, FJ&.
Elt , Vn P(n) & L.
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n=2.
# 2 n+l.

A 44~ F05 038 7T DAL R 124 K DA b B 45 4 3T
P(12), P(13), P(14), P(15).
SHEEK 215, P(12)A... AP(k)>P(k+1)




Odd Pie Fights

o Placing an odd number of people in the plane, in such
a way that every pair of people has a distinct distance
between them. At a signal, each person will throw a
pie at the closest other person.

o At least one person does not get hit with a pie?
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Let n € N and x € R. We have

(14 x)" = n (:)x".

We use induction on n. That is, we let Next, let k € N and assume P(k). We prove P(k +1). Let x € R.
R We have
. n __ n k
P(n).VXER, (l—|—X) = (k)x o (1—|—x)k+1:(1—|—x)k(l—|—x)
k=0 .
. K\ i
We shall prove P(1) is true, and prove by LHI=| > (J-)X) (1+x)
j=0
Vk €N, P(k) = P(k+1). 2“:( )XJJFZ( )XJH
J=
Again, proof for P(1) is trivial, as P(1) states f

We are going to merge these two sums.

1 1
VxeR, 1+x= (O>x0—|— (Jxl
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To get an idea, let us consider an explicit example when k = 2:
2 2
> () n ()
— \J — \J
j=0 j=0
B 2+2 +22+ 2 +224_23
HAERSVARRVIA 0)* " \1)* T\2)*
2 2 2 2 2 ) 2\ 3 Therefore, to finish the proof, it suffices to show that
~(0) ()~ @)+ 1)+ @)+ )
)22 =(7)
L)+ 1) .
In general, we have J J

> (f)ee 2 (5) (Yo () -t

Keep in mind that we want to prove this is equal to Zj‘iol (k}q)xj,
which is

k
k+1Y\ .
l—l—Z( + )xf—|—xk+1.
=1

J

=0 j ~ (k=) + (—Di(k—j+1)!
" [k k k = al -F+—1 ]
. o i AR e—
:1+;(J')XJ+;(/1>XJ+XH _(J 1)k(!k J) kalﬂrl
K T G-I k—) j(k—j+1)
8o [ KA e 5
=g Ay, Jj—=1 J
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0<r<d
a=dg+r
ik 8A
AS={a-dg | 0<a-dq , qeZ}, SHE=.
EREHECEARFE
SH & /NJL, WA = a-dg,
HiEO0L r,<d
e — I8, 0<r -r,=d (g0, <d, Hk, g;=0,
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%4, BT B KF0)=nlby 3 552 X
F0)=1
F(n)=n-F(n-1) for n>0




Fibonacci JF 7|

Fibonacci J¥ % {£} £ X T
=0,

=1,
Li=f +£_ o, EEa=2.

H T LN

0,1,1,2,3,5,8, - -
EW: HE&Ea20, f="—




9 44 3 BH : Fibonacci JF %)

0 R YUn=0,1H, BRRIEH,

3 FH,

fa =T+ 1
k k k-1 k-1
' -p - p
a—f a—f
) (ak _l_ak—l)_(ﬂk +ﬂk—1)
a-f
ak+1_ﬂk+1

a-p

HE: ?=a+1, Hot'l=a2+ a2 3{fE&Zn> 1.
KMHRE: n = 38, £ > o022
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FHRERKE (' EREHD)
'% Ak P B A0)=0;
S & [ox) = (o) +1, roc " Hxe X

Rik: Lxp) = L®) + Lp), =y T 27
E BR
RPOFRT: BB T I, BAL) =42+ 1) -
XA FHR: FUB T, AL =1 +1N) .
HHEAFEK: BRRPOAE, ag T I, EiEPya N E
BiE: #4xBT X, A Lxd =[x + Lya)

POAE, Lz =13+ L)
Ixyd)= Lxp)+1= [x) + [p)+1=Lx) + {73
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An algorithm is called recursive if it solves a problem by reducing
It to an instance of the same problem with smaller input.

20 RILEEE®
function gcd(a, b) // a>b>0, a>0
If b=0
return a

else
return gcd(b, a mod b)

BHAREWERE (KFHAE)
BHAKENZRYE (HE. ZH)
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BRI BSHE . 5(LIogy, b +1)

% r,=a, r;=b.

Fo=rq,r, 0<r,<r,

=\

o ¢:>1 for 1<i<n
e ¢.22 because q,=r, ,/r,>1
o r21=f,, r 22r 2 2=f,

o b=r2rytr; 2f,Hf, =, >0"!

r n—1: ¥ nqn+r n

scd(a, b) = r fEF T nik ki © 108100 > (n-1)log,,a for n22
e log,,a>1/3

+1 Ozrn+l<rn
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Thinking Recursively: Problem 1

Towers of Hanoi (JX3E3K)

How many moves are needed to move all the disks from the
first peg to the third peg, under the constraints that we can
move only one disk at a time and never place a larger disk on
top of a smaller one.




Thinking Recursively: Problem 1

]
- Towers of Hanoi (JX &)

T(n)=2T(n-1) +1
2T(n-1) =4T(n-2) + 2

4T(n-2) =gT(n-3)+4 1> T(N)=2"-1

202T(2) = 20T (1) + 212




Thinking Recursively: Problem 2

]
- Cutting the plane (P47 #|)

How many sections can be generated at most by »
straight lines with infinite length.

L) =1
L(n) = L(n-1) +n

Intersecting all'z

existing lines to get l
most sections as ble




Thinking Recursively: Problem 2

]
- Cutting the plane (P47 #|)

L(n) = L(n-1)+n
= L(n-2)+(n-1)+n
= L(n-3)+(n-2)+(n-1)+n

= LO)+1+2+ -/y:- -++(n-2)+(n-1)+n
L@n) =nn+1)/2+ 1



Thinking Recursively: Problem 3

Josephus Problem: Live or die, it’s a problem!

Legend has it that Josephus wouldn't have lived to become
famous without his mathematical talents. During the Jewish
Roman war, he was among a band of 41 Jewish rebels trapped in
a cave by the Romans. Preferring suicide to capture, the rebels
decided to form a circle and, proceeding around it, to kill every
tthd emaining person until no one was left. But Josephus, along
h an unindicted co-conspirator, wanted none of this suicide
T

nonsense; so he quickly calculated where he and his friend should
S in the vicious circle.

We use a simpler version:
« »
every second...




Thinking Recursively: Problem 3

- Make a Try: for n=10 3-4/113‘1

11y 94 Iﬁ"
°K\1M/15 <§>

{}94 j?
«;}ﬁ\ -



Thinking Recursively: Problem 3

. ik on-1 y-- KL y3
2n-17x”l X2 ¥ ) KR s

n persons left \\ /

\
N
1 & -t Sica 43 _Kk

And the newnumber(k) is 2k-1



Thinking Recursively: Problem 3

/
;1\11~ -_Kk/ _Kk/l k+3 -Kk

............

And for this time, the newnumber(k) is 2k+1



Thinking Recursively: Problem 3

-1 Solution 1in Recursive Equations

Il
I(2n
[(2n+1

_1
Jnj-1, fornzTl
2n)+1,  fornzl

0 Some explicit solutions  Can you find the pattern?

n |1

2314567891011 12131415116

Jn)| 1

13113571135 7 91113151




Thinking Recursively: Problem 3

If we write nin the form n =22+ /
(where 2™ is the largest power of 2 not exceeding n

and / is what's left),
the solution to out recurrence seems to be:

J(2"+1) = 2l+1,  form=0and0<1<2™

As an example: J(100) = J(64+36) = 36*2+1 =73



Linear Homogeneous Recurrence Relation
0

a — rla.n_l _l_ rzan_z _I_ °c°° _I_ rk an_k

n

is called linear homogeneous relation of degree £.

C.= (_Z)Cn—l A =y @

f=f +f g. gn_2
No

Yes



Characteristic Equation

For a linear homogeneous recurrence relation of degree &
a — rla.n_l + rza.n_z _I_ °c*° _I_ rk a.n_k

n

the polynomial of degree &

XK =X x4
is called its characteristic equation.

The characteristic equation of linear homogeneous recurrence
relation of degree 2 is:

X°—1,X—r,=0



Solution of Recurrence Relation

If the characteristic equation X°—I,Xx—r,=0 of the recutrence
relation 4,=ha,; +I,a, , has two distinct roots s, and s,,

then we have the explicit formula for the sequence
_ 1an n
a, =Uus; +VsS,

where u and vdepend on the initial conditions.

If the equation has a single root s, then, both s, and s, in the

formula above are replaced by s



Proof of the Solution

Rememberthe equation : x> —r,x—r, =0
. n n
We need prove that :us, +vs, =ra_ ,+ra. _,

us; +Vs, =us; °s’ +Vs) ’s?

=us, °(rs, +r,)+vs)°(r,S, +r,)
= US4+ US> +1Vs) T +I,VS) °
=r,(us! " +vs) ) +r,(us? +vs) %)
=ha,; L34,



