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(Principle of Inclusion and Exclusion )
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Not Too Far Apart

Problem: We have a region bounded by a regular hexagon whose
sides are of length 1 unit. Show that if any seven points are chosen
in this region, then two of them must be no farther apart than 1
unit.

The region can be divided into six
equilateral triangles, then among 7
points randomly chosen in this
region must be two located within
one triangle.



Shaking Hands at a Gathering

Situation: at a gathering of n people, everyone shook hands
with at least one person, and no one shook hands more
than once with the same petson.

Problem: show that there must have been at least two of
them who had the same number of handshaking.

Solution:
Pigeon: the n participants
Pigeonhole: different number between 1 and #-1.
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P FF (Ramsey) ¥ R(3,3)=6
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Pigeonhole 1: those knowing A

B
C There must be at least 3
elements which fall into one
A of the two pigeonhole.
not knowing each other ©
O

knowing each other

Pigeonhole 2: those not knowing A
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Situation: A chess player wants to prepare for a

championship match by p.

aying some practice games

in 77 days. She wants to play at least one game a day
but no more than 132 games altogether.

Problem: show that no matter how she schedules the

games there is a period of
which she plays exactly 21

consecutive days within
games.



Scheduling the Practice Games: Solution
—

Let 2, denote the total number of games she plays up through the ith day. Then, a,, a,,

s,..., 47, 477 1S 2 monotonically increasing sequence, with 2,21, and 2,,<132.

Note: if 2+21= 2 then the player
plays 21 games during the days
A1, A2, up through ;.
Considering the sequence:
Gys By; Brgeeey Fogy Ay 4 F21, 2,321 2,421 ) ., 2, +21 2421
The least element in the sequence is 1, and the largest is 153. However, there are

154 elements in the sequence, so, there must be at least two elements having the
same value.

Note that both the first and second half sequences are monotonically increasing,
so, it 1s impossible for the two elements having the same value to be within one

half sequence, that is, we have 2+21= a
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Let n be a nonnegative integer. Then

% (1)

k=0

Proof: Using the binomial theorem with x = 1 and y = 1, we see that

2" =14+ 1)"= Xn: (Z)lkln_k = Z (Z)

This 1s the desired result.
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Let n be a positive integer. Then

it

n

Z(—l)k(’;) — 0.

k=0
Proof: When we use the binomial theorem with x = —1 and y = 1, we see that
"\ (n "\ (n
0=0"=((-D+1"= —Df1" T = ~-D*.
(=D +1) Z(,)( ) Z(k)< )

This proves the corollary.

i (o) () ()= () () ()
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Let n be a nonnegative integer. Then

Xn: 2’<(Z) — 3",

k=0

1+2"=>)" (Z)l”—kzk =) (Z)zk.

k=0 k=0
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(5) () () (@) (1) (5)
(6) (D G) G) () GG
() () G) G) ¢ G) 6 G)G) 18 2 5% 0 S 3% 8




Vandermonde’s ldentity
—

VANDERMONDE’S IDENTITY Let m, n, and r be nonnegative integers with r not
exceeding either m or n. Then

()=
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